Inspired by the work of Alday, Gaiotto and Tachikawa (AGT), we saw the revival of Poincaré's uniformization problem and Fuchsian equations obtained thereof.
Introduction
Recently, AGT conjecture [1] has launched extremely active investigations towards both 2D Liouville CFT and 4D N = 2 SU (2) SCFT or even generalization, say, higher rank of gauge groups [2] , non-conformal (asymptotically-free) limit [3, 4] and q-deformation [5, 6] to name a few. Now, it seems rather appropriate to consider not only proving (or checking) this conjecture but also why these two apparently irrelevant arenas should coincide with each other.
In this short article, we observe that the "uniformization problem" pioneered by Klein, Koebe and Poincaré more than a century ago may shed illuminating light on answering this question 1 . For instance, the stress-tensor T (z) showing up there turns out to provide the SU (2) Gaiotto (rewritten Seiberg-Witten) curve [9] under certain proper limit, say, large intermediate s-channel momentum. Consequently, AGT conjecture strongly manifests itself as a full quantum uplift of the uniformization problem w.r.t. two equivariant parameters (ǫ 1 , ǫ 2 ). In addition, Fuchsian type differential equations 2 ∂ 2 z + T (z) Ψ = 0 (1.1) which are present during uniformizing punctured Riemann surfaces are as well available through the (semi)classical Liouville limit b → 0 (or infinitely large central charge c → ∞) imposed onto the constraint for a null vector at the second level in Verma module, i.e.
As a matter of fact, this classical limit can get readily identified with the so-called NekrasovShatashvili (NS) limit [10] (g s : string coupling)
which ultimately has something to do with many well-known integrable systems. Performing the WKB method onto the equation (1.1) satisfied by N = 2 instanton partition functions with one surface operator inserted under NS limit, one is able to obtain either classical conformal blocks [11] 3 or log Z inst (ǫ 1 , ǫ 2 = 0) following AGT who claimed a much more general relationship
Many publications [13, 14, 15, 16, 17, 18, 19, 20, 21] have been devoted into this direction. In summary, the philosophy we are after is as follows. Because every N = 2 A 1 -type SCFT is associated with some genus-g n-punctured Riemann surface C g,n [9] , through uniformizing C g,n both a classical piece of Liouville theory and an integrable (Fuchsian) system will be further inferred. This viewpoint therefore renders us the clue for understanding why these two seemingly different arenas ultimately meet.
Based on these, we start off to consider a four-punctured Riemann sphere P 1 \{z 1 , · · · , z 4 } over which a second-order Heun equation is defined. Obviously, it can be thought of as an extension of usual hypergeometric differential equations living on C\{0, 1} fixed by certain Riemann scheme 4 . It then seems plausible that classical spheric five-point conformal blocks having one null vector Table 1 : Riemann scheme in the presence of five regular singular points on P 1 . χ's are called characteristic exponents.
Φ 2,1 insertion at the second level satisfy Heun equations. We clarify this observation via a celebrated mathematical duality: Heun can be suitably transformed into a two-body (A 1 -type) elliptic Calogero-Moser (eCM) model. Finally, in view of a marvelous limit bringing eCM to Sutherland (trigonometric Calogero-Sutherland) model, we develop some correspondence between its excited wave functions and the toric diagram geometrically engineering T 0,3 (A 1 ) theory. We organize this article as follows. In section 2, we explicitly re-derive the 2N c = N f = 4 SW prepotential upon taking into account two approaches: hermitian matrix model and classical Liouville theory. One may think of this presentation as another derivation other than the original AGT proposal. This is because we have just relied on the Ward identity of T (z) in the uniformization problem and arguments intrinsic to hermitian matrix models. In section 3, we proceed to review Heun/eCM duality and study the relationship between toric and spheric conformal blocks (elliptic/non-elliptic N = 2 SU (2) × SU (2) SCFTs). Also, we find new insights into eigenstates of Sutherland model from the toric diagram perspective. Finally, a chart summarizing the main idea is pasted in section 4.
Uniformization problem
Owing to Klein, Koebe and Poincaré, one is capable of uniformizing a punctured Riemann surface by means of hyperbolic geometry. For instance, there exists uniquely a hyperbolic metric
on an n-punctured Riemann sphere X = P 1 \{z 1 , . . . , z n } which has the constant negative curvature R = −8πµb 2 and is obviously in the same conformal class as the flat space ds 2 = dzdz. One is as well able to think of (2.1) as the pull-back from Poincaré's hyperbolic metric of a unit disc D (or upper half-plane H) 5 , i.e.
Now, the requirement R = −8πµb 2 leads to the familiar Liouville equation
which is solved by ϕ cl , the stationary point of some Liouville functional S[ϕ] being clarified later. Note that our conventions are listed below
Of course, the asymptotic behavior of ϕ cl around z i (i = 1, . . . , n) is readily read off according to the weight assigned to them. A guideline laid down by Polyakov to which we will adhere is that a path integral over φ, say, Next, construct from ϕ cl a standard Liouville (2, 0) stress-tensor T L (z) = Q∂ 2 z φ − (∂ z φ) 2 . Ac-cording to Poincaré one has the following expansion (when all punctures are parabolic):
where accessory parameters c i 's satisfy three linear constraints yielded by imposing
We will always assume (z 1 , z n-1 , z n ) = (0, 1, ∞) under a suitable Möbius transformation. Note that accessory parameters can get either determined by monodromies of (1.1) on P 1 or the so-called Polyakov conjecture upon exploiting the Ward identity w.r.t. T L (z):
denotes the classical conformal weight of inserted vertex operators. Besides, each zero (non-zero) µ i corresponds to a parabolic (elliptic) puncture. Remarkably, (2.4) has been proved rigorously by Zograf and Takhtajan [23] when all punctures are parabolic ones.
Fuchsian differential equation
Recall that the Q-form of Fuchsian equations looks like
(2.5) is fixed by both the number of regular singularities placed on C and a prescribed Riemann scheme. Here, the multivaluedness of ρ is accounted for due to its form being a ratio of two independent solutions to (2.5). Also, the pair (y ϑ , y ς ) may get normalized to have a unit Wronskian:
which helps fix the conjugation acquired from SL(2, C). In view of (2.5), a type of Riemann-Hilbert (RH) problem can be raised. Namely, once monodromies of ρ in SU (1, 1) are found explicitly, all c i 's get known subsequently. This sounds like the usual RH problem only when the latter statement is replaced by "there exists certain algebraic curve whose period integrals reproduce (y ϑ , y ς )". The stress-tensor T (z) thus obtained by computing Schwarzian is a meromorphic function on P 1 :
As before, its asymptotic behavior at infinity is supposed to be regular such that
is able to impose three linear equations on c i 's:
As a remark, according to
an equivalent description of this expression goes back precisely to (2.2) if one equates η with ρ. Let us illustrate more concretely what was announced around (1.2). That is, define
at the level of BPZ conformal blocks. (1.2) lays down (∆ = h 2,1 )
for the null-vector where
By b → 0, the above equation becomes Fuchsian:
where
T (z) here does not look like (2.6) because (0, 1, ∞) have been chosen in order to eliminate constraints due to projective invariance. Note that the accessory parameter c(x) will be given in (2.10) later on.
Classical Liouville theory
From now on, we mainly focus on P 1 \{0, x, 1, ∞} such that z 2 = x stands for the cross-ratio. While
where ϕ cl again satisfies (2.2) as well as all required asymptotics with α i = ξ i /b being very heavy. Moreover, as Q 2 → 1/b 2 the quantum BPZ conformal block becomes
where f represents the classical conformal block [11] . Also, since Q 2 → ∞ the intermediate momentum p is forced to be p s , s-channel saddle point momentum, which solves (
Needless to say, F ∆ (∆ i , x) plays a central rule in the full Liouville four-point function 6 :
where C is recognized as the structure constant and
. What comes as a classical counterpart of (2.8) is
What was referred to as Polyakov conjecture now states that
where the second equality is derived by taking into account (2.9). Notice that ℓ(γ 12 ) = 4πp s where γ 12 ≡ γ(x) represents the geodesic length of a (hyperbolic) four-punctured Riemann sphere and encircles two punctures (z 1 , z 2 ) ≡ (0, x) from other ones.
Hermitian matrix model
Because the relationship amongst (2.10) is entirely chiral and stems from the familiar Ward identity about T L (z) inserted at the level of conformal blocks, it is tempting to compare (2.10) with what takes place in a hermitian matrix model possessing an usual Vandermonde 7 . That is, by means of Kodaira-Spencer field (chiral free boson) φ KS , the expectation value of the matrix model stresstensor T M (z) given by
leads to the large-N spectral curve. Certainly, its Ward identity bears a strong resemblance to (2.10) but now f has to be replaced by −2 F 0 (with possibly φ KS → −1 φ KS as → 0). L n 's are Virasoro generators realized by φ KS possessing the central charge c = 1. We naturally anticipate that if the spectral curve y 2 = lim →0 T M (z) is recognized as Gaiotto curve (rewritten Seiberg-Witten curve), F 0 of Z gets equivalent to the low-energy N = 2 SW prepotential. The concrete form of Z has already been proposed by Dijkgraaf and Vafa [25] last year (see [26, 27, 28] for further refinements). Below, we will see that f δs,δ i (x) of (2.7) turns out to give us the desired infra-red prepotential F SW .
From null-state condition to Fuchsian (Schrödinger-like) equation
Another distinguished aspect we want to review involves a degenerate field V − b 2 entering the standard Liouville theory. Due to the null-vector decoupling equation at the second level
Taking the (semi)classical limit b → 0 in (2.11) ultimately recovers (2.5) as done around Section 2.1. Of course, a direct analogy can soon be seen in hermitian matrix models upon using the c = 1 φ KS (z); namely, the vev of a determinant operator
has been known to solve the Schrödinger-like equation stemming from the genus-zero spectral curve and meanwhile serves as the orthogonal polynomial for the matrix model. For example, (2.12) may stand for H N (z) (Hermite polynomial) when Z is Gaussian.
Reproducing Seiberg-Witten prepotential
Let us proceed to work out some examples explicitly in which 2N c = N f = 4 Seiberg-Witten prepotentials are recovered upon employing known classical 4pt-spheric conformal blocks. Extracting SW prepotentials from classical conformal blocks may be viewed as another derivation more or less independent of the original AGT proposal. This is because we have just taken advantage of both the Ward identity of the stress-tensor intrinsic to the uniformization problem (Polyakov conjecture) and arguments familiar in large-N hermitian matrix models. Here, bare flavor masses and weights assigned to punctures are related by
which descends directly from the so-called AGT dictionary [1] . Besides, in [29] Teschner pointed out that (2.5) is referred to as the "Baxter equation" and applying to it the WKB approximation at the zeroth-order (much resembling (2.12)) gives
Notice that a expressed in terms of a period integral of T (z) coincides with the SU (2) Coulomb phase parameter as claimed in [9, 1] . Equipped with these, we first examine the case of four massless flavors.
(I) All m i = 0
In view of (2.13), under the large-p s limit implemented by b → 0, f δs,δ i (x) (∀δ i = 
where in the second line we have borrowed (8.20) of Zamolodchikov and Zamolodchikov [11] . Notice that the last line is precisely the desired SW prepotential (up to a perturbative piece − log 16) via b ≡ as well as x ≡ exp(2πiτ U V ). 
Again, by b → 0 which leads to both large-p and large-ξ limits, we finally observe that (2.15) does correctly reproduce the instanton part of SW prepotential for m = (m, m, 0, 0) [30] :
(III) Arbitrary four flavor masses
In order to deal with this case, we quote from [11] the asymptotic expansion for generic δ i and take both large p-and ξ i -limit, i.e.
→ (a 2 + 2m [24] up to the U (1) part −2(m 1 + m 2 )(m 3 + m 4 ) log(1 − x). Certainly, in order to get higher-order corrections one finally has to appeal to the BPZ representation of conformal blocks:
where x and q are related by the celebrated elliptic lambda-function:
with q = exp(iπτ ) and τ being called half-period. By first executing Zamolodchikov's recursive formula [31] for H = 1 + ∞ n=1 H (n) q n and then taking (α i , P ) ≫ Q inside (2.17) (without the intermediate b → 0 procedure) one is able to obtain to any desired order the 2N c = N f = 4 SW prepotential.
Application
We have learned that dealing with uniformizing C g,n gets equivalent to studying Fuchsian equations (1.1) whose solutions involve conformal blocks within which at least one Φ 2,1 is inserted. A contact with well-known integrable systems (Heun, Sutherland, etc.) made by (1.1) hopefully lays down opportunities for gaining insights into the corresponding N = 2 * SU (2) SCFT and T 0,3 (A 1 ), a theory of four free hypermultiplets.
First of all, the solution to Heun equations must be interpreted as a spheric five-point conformal block B 5 8 under b → 0. Subsequently, by using Heun/eCM duality this B 5 coincides with a toric B 2 which as well as B 5 involves one Φ 2,1 insertion. Thereafter, we consider a limit taking eCM to Sutherland model which corresponds to the operation of pinching a torus at one point. Additionally, its eigenstates are examined by making use of toric diagrams engineering responsible T 0,3 (A 1 ) systems.
Calogero-Moser/Heun duality
We quickly review Calogero-Moser/Heun duality. Recall that Heun equation is of second-order:
with the constraint γ + δ + ǫ = α + β + 1. This differential equation is of Fuchsian type, namely, all singularities (0, 1, t, ∞) have to be regular. It should be emphasized that any second-order differential equation with four regular singularities on P 1 falls into Heun upon suitable transformations. Due to
the fundamental period of Weierstrass function falls into (2ω 1 , 2ω 3 ), i.e. ℘(x + 2ω 1 ) = ℘(x + 2ω 3 ) = ℘(x). A torus C/(2ω 1 Z + 2ω 3 Z) thus comes from P 1 owning branching points (ω 0 , ω 1 , ω 2 , ω 3 ) with ω 0 = 0 and ω 2 = −ω 1 − ω 3 . Also, by setting
four branching points are brought to (0, 1, t, ∞). Moreover, through η(z) = z
and F (z)η(z) = f (x) Heun equation is transformed into
where parameters are related by
Note that transforming (3.1) into (3.2) is generally not unique. When
2) is called Lamé equation.
Sphere versus torus
Quite analogous to hypergeometric differential equations, Heun ones are designated to deal with four regular singularities placed on P 1 . Based on previous discussions, lim b→0 B 5 having one Φ 2,1 insertion is naturally supposed to obey Heun equations. We will show that this is true upon using the result of Fateev, Litvinov, Neveu and Onofri [32] together with Heun/eCM duality. In [32] B 5 was written down as 9
Notice that Θ 1 (u) is Jacobi theta function whilst K(x) denotes the complete elliptic integral of the first kind. By b → 0 one observes that
9 For the sake of brevity, Vi stands for Vα i . 1)-(3.3) , one realizes that up to a prefactor lim b→0 B 5 ∼ Φ cl (u|τ ) does obey Heun equation. Remarkably, in [33, 34] it was shown that toric two-point conformal blocks under b → 0 satisfies Lamé (s 1 = s 2 = s 3 = 0) equation to which Heun can reduce, i.e.
Upon performing the WKB method onto these Schrödinger-like equations, one is capable of conjecturing the equivalence between spheric four-point and toric one-point BPZ conformal blocks (without Φ 2,1 ) under special momentum assignments just as argued around (3.29) in [32] (see also [35, 36] ). Certainly, along the line of AGT conjecture, relating these pure Liouville stuffs to elliptic/non-elliptic N = 2 SU (2) × SU (2) SCFTs and studying their Nekrasov instanton partition functions with surface operators inserted under NS limit analogous to [16] remain good future issues.
Sutherland model
Let us pause momentarily to consider how eCM can be brought to Sutherland (or trigonometric Calogero-Sutherland) model. In fact, this is quite straightforward, i.e. given eCM Hamiltonian
where l is the coupling constant and the fundamental periodicity of Weierstrass ℘-function is (1, τ ), via τ → i∞ or q = exp(πiτ ) → 0 one obtains from H E
In order to compute wave functions of H S we redefine it by means of the ground state ∆(X) (X i = e 2πix i ) as
β where e 0 comes from H S ∆(X) = e 0 ∆(X) and ∆(X) reduces to simply an unitary Vandermonde at β = 1. Now, a well-known fact is that H 0 owns symmetric Jack polynomials as its excited eigenstates (λ: Young tableaux)
which reduce to Schur polynomials at β = 1. As pointed out in [37] , a collective chiral boson description responsible for J λ (X) exists and its Virasoro central charge is related to β by c = 1 − 6(1 − β) 2 β . We will return to this aspect soon.
Gegenbauer versus
While a gauge-transformed H S in (3.7) gets reduced to a two-body A 1 -system, it is widely known that its eigenstates become Gegenbauer polynomials:
Though C ν n (x) has to be viewed as some lim b→0 B as stressed, it nevertheless can stand for a b = i (4D physical limit) solution to (3.4) being exact w.r.t. b whenever β in (3.7) gets necessarily renormalized to, say,β. This special value of b will amount to facilitating our comparison with "unrefined" information encoded in ordinary toric diagrams.
In the presence of 2 F 1 (· · · ) in (3.9), we legally doubt whether it has something to do with the spheric
Henceforth, that arguments inside 2 F 1 (· · · ; x) of C ν n (x) are not all independent tells us that only two of three α i 's are independent. Still, note that X = exp(2πix) ∈ C * makes the periodicity of x ∈ C even explicit. Let us render a justification in the following paragraph. Fig. 1 : Carrying out the limit q → 0 brings one from Calogero-Moser to Sutherland. Note that weights of three punctures are not independent because only two parameters (α, p) (converted into N = 2 * SU (2) Coulomb branch parameter a and adjoint hypermultiplet mass m via AGT dictionary) are present.
As shown around (3.5), we manage to think of (3.9) as a toric B 2 (b = i) having one Φ 2,1 insertion defined on a pinched torus as explained in Figure 1 . On the other hand, by adhering to [1, 9] , this kind of Riemann surface can also correspond to the physical 4D T 0,3 (A 1 ) theory of four free hypermultiplets whose bare masses are evaluated by α 1 ± α 2 ± α 3 . However, because this T ′ 0,3 (A 1 ) is yielded via a degenerate limit of T 1,1 (A 1 ) (that is why a prime is added onto T ) there must exist certain constraint between α i 's. Combined with (3.9) and (3.10), one easily arrives at α 1 = α 2 . Let us see whether this is consistent with what is read off from a toric diagram associated with a Calabi-Yau three-fold engineering the physical N = 2 * SU (2) theory at ǫ 1 +ǫ 2 = 0 (or b = i). Based on Figure 2 , one is able to measure masses of four hypermultiplets m i (i = 1, 2, 3, 4) in terms of the distance (or area) of blown-up parts of the RHS web diagram (b). Note also that the correspondence between (b) and T ′ 0,3 (A 1 ) (under the nameT 2 strip) has been beautifully established in [15] . In 
general, these areas are basically five-dimensional, i.e. Q i = exp(−Rm i ) and Q = exp(−Ra) which fall into four-dimensional quantities when R → 0 (R: size of M-circle). Accompanied by some necessarily constant shifts, one finds finally that (m 1 , m 2 , m 3 , m 4 ) ≡ α 1 ± α 2 ± α 3 subject to α 1 = α 2 is fulfilled in Figure 2 due to
Bubbling pants
Symmetric Jack polynomials with multiple variables show up, given the following k+3 point Liouville conformal block [15, 38] :
which up to a prefactor
with (p, q) = (2, 1) and
Here, κ denotes a random partition containing at most k rows, (a i )
κ the generalized Pochhammer symbol and C (γ)
Whenever we view C (γ) κ (z 1 , · · · , z k ) as the eigenstate of H 0 in a k-body Sutherland model, γ denotes some continuous parameter depending on β. Three momenta α i 's at b = i must also be properly constraint in a fashion mentioned before. Likewise, in a hermitian matrix model Z for instance, when the tree-level potential of Z is Gaussian (M : N ×N matrix) one has
where ∆(z) is the usual Vandermonde. Needless to say, K is an eigenstate of a k-body gaugetransformed Hamiltonian H g
Now we are in a position to ask what is the physical content of the situation: β = 1 such that Jack reduces to Schur. This time we try to resort to Figure 3 where (Q 1 , Q 2 ) are blown down to be zero-sized. This well echoes the fact that the critical value β = 1 is just responsible for m = 0 (zero adjoint hypermultiplet mass) in view of (3.5) and (3.7). Moreover, in M-theory the central picture in Figure 3 is further lifted to a genus-zero Riemann surface punctured at (0, ∞). More explicitly, one can think of this singular web diagram as what engineers N = 2 N f = 2N c = 2 theory with zero flavor masses. Its SW curve to some crude extent gained by thickening the web diagram thereby looks like
representing a two-punctured Riemann sphere. Note that the subscript denotes the degree of a monic polynomial. Henceforth, that many degenerate V − i 2 insertions at β = 1 (RHS of Figure  3 ) are captured by Schur polynomials [37] now gets mapped to many tachyon excitations inserted on the asymptotic region of the self-dual c = 1 Fermi liquid 10 Second, the undisturbed c = 1 Fermi liquid in the phase space is eventually mirrored to a twopunctured sphere as asserted in [41] via the topological B-model language. Now we have obtained from "bubbling pants" picture ( Figure 4 ) the celebrated free-fermionic (Schur) nature of c = 1 non-critical string theory. Namely, without the massless limit of T ′ 0,3 (A 1 ) we might never discover a description of the old c = 1 story in terms of Sutherland model.
Summary
Let us summarize the main idea we are after in this article by a chart attached below. 10 For the sake of brevity, we will omit the word "self-dual". 11 See [39, 40] for detailed discussions about c = 1 string theory, Imbimbo-Mukhi type matrix model and Schur polynomials. In particular, in [ 
